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SIS = [Mm/(M +m)|Q28rp -rpU — 8rprp —rpdrp)  (9)

The order of magnitude of this change can be expressed more suc-
cinctly by letting R¢ be the radius of gyration of B. Thus, we can

express ||8I5/5" || as
8rp rp
~ e S22 (== 10
MR(RG)(RG) (10)

which shows that the fractional change in the inertia is a second-
order effect and may even be reduced to a third-order effect by
keepingrp /Rg ~ O(¢). Similar to the inertia dyadic, an expression
for the central angular momentum may be written as

515/5*
I5/5*

HS/S* — IS/S* NwB _’_IP/P* BwP 4 [mM/(M +m)lrp N VP*

an
where Yw? is the angular velocity of B with respect to N, a
Newtonian frame, and 2V*" is the velocity of P* with respectto B.
The last two terms of this equation may be viewed as extra terms in
the original angular momentum. Because these are either precisely
known quantities, for example, w? =0 for a sliding proof mass, or
quantities whose effects can be calibrated, it can be taken into ac-
count without much difficulty in a precisionattitude control system.
Note also that for precision control, we may require 2 V" ~ O(e)
or perhapseven V" ~ O(¢")n > 1 so that the last term is Eq. (11)
can be made quite small. In any case, for the precision orbital ma-
neuvering system proposed in this Note, an attitude control system
that accounts for the orbit-attitude coupling is necessary.

Conclusions

In any mechanism that purports precision control, there are the
usual issues in precision manufacturing. Our mechanism is no dif-
ferent in this context. However, the two main features of our mech-
anism are 1) the possibility to achieve orbit control without the use
of mass expulsion and 2) the ability to achieve second-order preci-
sion in the state vector from a first-order precision in control. One
limitation of this mechanism is that it can be used only for periodic
disturbances that generate perturbations that are no larger than the
characteristiclength of the spacecraft.For perturbationsthat are sec-
ular, the mechanism can still be used, but periodic reinitialization,
similar to the practice of momentum dumping in attitude control, is
necessary. Further work on how this mechanism couples with the
attitude control system is warranted.
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Consistent Approximations to
Aircraft Longitudinal Modes
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Indian Institute of Technology Bombay,
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I. Introduction

VER since Lanchester! derived an approximation to the

phugoid frequency, literal approximationshave formed an im-
portant part of the theory of aircraft dynamic stability>~* How-
ever, the standard phugoid approximation often fails to match well
with aircraft data, whereas the short period approximation is usu-
ally found to be numerically accurate. This has led to the deriva-
tion of several alternate phugoid approximations, many of which
have been reviewed by Pradeep.” Unfortunately, the relative mer-
its of the competing phugoid approximations could only be com-
pared by matching them with numerical data, and none of them
proved to be uniformly satisfactory. Part of this mystery has been
resolvedin a recent work,® which uncovered a serious flaw in pre-
vious derivations that led to incorrect approximations to the slow
modes in general, and the phugoid mode in particular. Meanwhile,
nearly a century after Lanchester,researchersare still engagedin de-
riving improved approximations to the phugoid mode.>’ Pradeep’
appearsto have beenthe first torealize that “correct” approximations
to the longitudinal modes should satisfy the fourth-orderlongitudi-
nal characteristic polynomial. Then, there would be no need to test
this approximation for its correctness against numerical data, nor
could this approximationbe improved upon in any manner. Believ-
ing the existing short period approximation to be correct, Pradeep
attempted to derive a correct phugoid approximation by factoring
out the second-ordershort period polynomial from the fourth-order
characteristic polynomial. However, his formulation had just two
unknowns, which could not satisfy all four equations for the coeffi-
cients of the characteristic polynomial.

Ratherthan start with the characteristicpolynomial,in the present
Note we follow a formal procedure to derive systematically cor-
rect literal approximations to the aircraft longitudinal modes. No
assumption is made except that there exist two distinct timescales
correspondingto the fact that the short period mode is notably faster
than the phugoid for most conventional airplanes. The ratio of the
two timescales, which is small, is then exploited as an order param-
eter, and approximationsare derived to zeroth- and first-orderin the
small parameter. These approximations are consistentin the sense
thatthey retain all terms up to a certain order in the small parameter,
thus ensuring that there are no missing terms in the approximations
at each order. The consistentapproximationsare shown to match all
of the coefficients of the characteristicpolynomial perfectly at each
order. The presentderivationis the firstinstance where the literal ap-
proximations have been shown to check with all of the coefficients
of the characteristicpolynomial. In particular, the existing short pe-
riod approximation is shown to be not consistent at the first order,
which partly explains Pradeep’s failure to derive a correct phugoid
approximation by factorization.
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II. Linearized Equations
We begin with the second-order form of the linearized equations
for perturbed longitudinaldynamics about a straight and level flight
trim at velocity Vj, as follows®:

Aa — (Z)Av — (M, + Zo/Vo)Aa — (VoM,, — M, Z,) Av
—[My, — M, (Zy/V)]Aa = 0 (1
Av—(X,)Av—[(X, — 8)/VolAa — (8Z,/ Vo) Av

- (gZW/V(f) Aa=0 2)

where Ac is the perturbed angle of attack and Av = AV /V, is the
dimensionless perturbed velocity. The short period is represented
by Eq. (1) for the angle of attack, whereas Eq. (2) for the velocity is
associated with the phugoidmode. The two timescalesin the longitu-
dinal dynamics become apparent when the dimensional derivatives
in Egs. (1) and (2) are replaced with their standard definitions (for
example, see Ref. 4, p. 6.17) to give

" g . ch 8 .
Aa — |:(70>Zu:| Av — |: qu + (70>Za:| Aa
qSc qSc( g
[ (5 = ”

() Jo (@) e

where x, z, m with subscripts u, «, g are used as shorthand nota-
tion for bookkeeping the nondimensional terms associated with the
dimensional stability derivatives. The precise expressions for these
terms are not of interest here because they will be replaced with
the corresponding dimensional derivatives when the final results
are presented. It is obvious that there exist two distincttimescalesin
Egs. (3) and (4), a fast timescale T of the short period motion and
a slow timescale 7} for variation of the phugoid mode, with their
ratio €, therefore, appearing as a small parameter, as follows:

1 [gSc 1 g Ty 8/ )
— -_, _—= € = —— —= ——-—
T I, T, Vo T, ,/éSc/ly

Using the timescalesin Eq. (5), two nondimensionaltimes 7, and #,
can be defined as follows:

t, =1/T; = 1/3Sc/1,,

Before using the nondimensionaltimes in Eq. (6) to rewrite Egs. (3)
and (4), it is necessary to distinguish between fast mode and slow
mode variables. It was shown in Ref. 6 that there exists a component
of A, called the static residual, which varies as per the slow mode
timescale. The concept of a static residual in A« can be formalized
by splitting the perturbedangle-of-attackvariableinto a fast compo-
nentindependentof the slow mode dynamics,and a slow component
that follows the slow mode dynamics, that is, Ao = Aoy + Ac;.
With this splitting incorporated, Egs. (3) and (4) can be written as

. g . qSc (g) :| .
Aoy — — )z, |Av — —m, + | = )z, |Ac
! [(V()) } [ N !
qSc qSc ( g
- =—m, — —_—\ T )My Av
I, I, \\Vy

qgSc qSc( g
—|—my — [ —\ — |m,z, | Ay
I Iy o

t.)':t/szt(g/VO) (6)

. qSc g .
+ Ao, — —m, + | — |24 Ay
* |: Iy ! (V(J) :|

m(,za:| Ao, =0 7

) <l <
_ [(%)u .y )]Aa,,. - [(%)2@%% = ®)

where it is understood that Av varies as per the slow timescale, and
hence no subscriptis used on Av. Rescaling the time derivatives of
the fast variable A« ; with 7, (denoted by ') and the time derivatives
of the slow variables Aa, and Av with ¢, (denotedby *), in Egs. (7)
and (8), gives the following equations for the fast and slow modes,
respectively:

A = (my + €2a) A, — (Mg — €myzy) Ay + € Aa)*

— €22, Av* —e(m, + €z,) At — (m, — em,z,)Av

—(my —em,z,) Ay =0 9)
AV — X, AV — 7, Av — (xy — DAQ] — 24 Aty

—l/e(xa—l)Aa’f—zaAaf=O (10)

where € is the small parameterdefined in Eq. (5). With this rescaling
all variablesand their derivativesin Egs. (9) and (10) are dimension-
less and of the same order, and the order of each term is now just the
order of its coefficient in €. The longitudinal dynamics in the form
of Eqgs. (9) and (10) is now suitable for a consistent order-by-order
analysis.

III. Zeroth-Order Approximation
As shown in Ref. 6, the relation between the slow component of
the angle of attack Aw, and the slow mode variable Av is of the
form

Aa; = KgAv (11)

where K| is yet to be determined. Using Eq. (11) to replace A«
and its derivativesin Eq. (9) and dropping all terms of order one or
higher in €, gives the following equation for the fast mode in the
zeroth-order approximation:

Aa’; - m,,Aa’f —mg Ay = (m, + Komy)Av (12)

where the left-hand side is the short period dynamics in the fast
component Ax s. However, because A« is, by definition, the com-
ponent of A« that is not influenced by the slow mode dynamics
in Av, the coefficient on the right-hand side of Eq. (12) must be
equal to zero. This gives K, = —m, /m,, whereas the nondimen-
sional short period frequency and damping to zeroth order can be
read from the left-hand side of Eq. (12) to be

N
Wgp = — My,

Zé)spgsp = _mq (13)
(The caret symbol indicates short period parameters nondimension-
alized with the fast timescale 7,.) The steady-state value of Aa,
fromEq. (12), is clearly zero. Hence, putting A« s and its derivatives
to zero in the slow mode Eq. (10) and using Eq. (11) for A«,, the
zeroth-orderapproximationto the phugoid dynamics is obtained as

Av** — ['xu + KO('xtx - 1)]AU* - (Zu + KOZW)AU =0 (14’)

Substituting for K, from the preceding, Eq. (14) gives the zeroth-
order approximationto the nondimensional phugoid frequency and
damping to be
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(Z)i =—[z. — (mu/mot)zot]

Z(Z)PEP = _[xu - mu/mot(xot - 1)] (15)

(The tilde symbol indicates phugoid parameters nondimensional-
ized with the slow timescale T,.) When nondimensionalized with
the fast timescale 7, the phugoid approximationin Eq. (15) can be
written as

(Z)i = _62[Zu - (mu/mot)zo(]
Zé)PZ-P = _G[Xu - mu/mot(xot - 1)] (16)

where the factors of € indicate that the phugoid mode is an order
slower than the short period mode. On replacing the nondimensional
terms in Eqs. (13) and (16) with the corresponding dimensional
derivatives,we get the zeroth orderapproximationto the short period
and phugoid modes next:

wzp = [—Mylo, 2wsplsp = [—Mylo

2 8 Mu
=[l=)-z, +=2z,
“r |:(V0>( u+M€¥ >:|2

2 = X M, X 17
wplp = | — u+E( o(_g) l ( )

The subscriptson the precedingright-hand-sideexpressionsindicate
the orderin € of the respectivebracketed terms when nondimension-
alized by the fast timescale 7.

The consistent zeroth-order approximation in Eq. (17) will now
be used to calculate the coefficients of the characteristic polyno-
mial, which will then be compared with the coefficients of the exact
characteristic polynomial listed in the Appendix. It is important to
realize that each coefficient of the characteristic polynomial com-
puted from a consistentliteral approximationwill itself be consistent
only up to a particular order. To see this, consider the coefficient B
in Eq. (A3) from the Appendix. Of the two contributors to coeffi-
cient B, the zeroth-order approximation in Eq. (17) gives 2¢spwsp
to order zero, whereas 2¢pwp, by virtue of being a slow mode pa-
rameter, has no order zero term but has a leading term of order one.
At this level of approximation, however, order one terms are not
available for the fast mode parameter 2¢spwsp. They can be cap-
tured only by a first-order approximation, which is carried out in
the next section. Meanwhile, the coefficient B computed from the
zeroth-orderapproximationcan be compared with the exactexpres-
sion in the Appendix only to zeroth-order. Defining the € order of a
quantity to be the highest order to which all terms in that quantity
are consistently available, the € order for coefficient B computed
from the zeroth-order approximation is zero. The € order for the
other coefficients calculated from the zeroth-order approximation
can be similarly determined. The coefficients of the characteristic
polynomial, as defined in the Appendix, computed from the zeroth-
order approximation are shown next, where the subscripts on the
coefficients indicate the correct € order:

By = [24spose + 20pwply = [~ M, o
Co = [03 + 0} + Qespwsp) 2Lpwp) ]| = [~Mo]o
Dy = [Qspwsp)wh + 2Cpwp)adp], = (X, My — (Xu — M, ],
E, = [0}0}], = [(¢/ V) (M. Z, — M, Z,)]:

Comparison with Egs. (A3-A6) in the Appendix shows a perfect
match to the respective € orders, which confirms that there are no
missing terms at the leading order in the approximationsin Eq. (17).

It is interesting to compare the zeroth-order phugoid approxima-
tion in Eq. (17) with the standard phugoid approximation in the
literature (for example, see Ref. 4, p. 6.34). The standard approxi-
mations, which are givenby % = —gZ, /Vy and2wptp = —X,,, can
each be seen to have a missing term at the leading order, which ex-
plains why they are usually found to be unsatisfactory. The standard

short period approximation (for example, see Ref. 4, pp. 6.30, 6.31)
isgivenby w?, = =M, + M,(Z,/Vy) and 2wsplsp = —M, — Z,, / V.
The first term in each of these expressionsis identical to the zeroth-
order approximation in Eq. (17), whereas the second term must
clearly be of higher order because all zeroth-orderterms have been
consistentlyaccountedforin the approximationsin Eq. (17). The dif-
fering orders of the two terms in the existing short period frequency
and damping approximations appear to have been overlooked
so far.

IV. First-Order Approximation

The approach followed here is the same as that for the zeroth-
order approximation in the preceding section, and the presentation
is along similarlines. A more general versionof Eq. (11) needsto be
considered here, to account for the higher-ordereffects, as follows:

Aca, = KoAv + €(K;Av + J  Av*) (18)

where K| is the same as that obtained in the zeroth-order approxi-
mation. [No term of the form JyAv* is used in Eq. (11) or (18) as
it can be shown from the zeroth-order approximation that J, =0.]
Using Eq. (18) with Eq. (9), and now keeping all terms of order zero
and one in €, gives the following first-order approximation to the
fast mode dynamics:

[1+eJi(xy — DA} — [m, + €z, — €(xy — D(Kg —m, J)]Ad;
— (my —emyzy) Aoy = e(my Ko +myJy) Av*
+ [mu - quzu + (mO( - quZW)KO + Gmo(Kl]Av (19)

As before, the coefficients of Av and Av* on the right-hand side
must each be zero, which allows one to solve for K; and J; as
follows:

Kl =mq/mot[zu _(mu/mo()zot]v Jl =mq/mot(mu/m£x) (20)

Inserting the solutions for K| and J; from Eq. (20) into the left-
hand side of Eq. (19) gives the first-order approximation to the
nondimensional short period frequency and damping as

(Z)gp = —my + emy [zo + mu/mot(xo( - 1)]
2(Z)SPZ-SP = _mq - G[th + mu/mot(xo( - 1)] (2])
where the terms of order zero in € are expectedly the same as those
from the zeroth-order approximation in Eq. (13), and additional
terms of order € have now been captured. Then, using Eq. (18) in
Eq. (10) gives the following first-orderapproximationto the phugoid
dynamics:
Av* — (xu + KO(xot - 1) + G{ZO(JI + ('xO( - 1)[1(1 +qu1
+ ('xO( - I)KOJI]})AU* - {Zu + K()th + G[ZO(KI
+('x£x—1)(Zu+ZaK0)J1]}Av=O (22)
which, on substituting for K, from the preceding section and for

K, and J, from Eq. (20), gives the first-order approximation to the
nondimensional phugoid frequency and damping as follows:

m m m m
~9 u q u u
wp__(zu__za —6—(Zu——Za Za+_(xo¢_1):|
My My My My

my, my
X (_th + ('xO( - 1){ (Zu - _th>
me My
4+ [xu - 2, — 1)] }) 23)
Mg Mg
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Once again, terms of order zero in € appearing in Eq. (23) are con-
firmed to be identical to those that occur in the zeroth-orderapprox-
imation in Eq. (15). When nondimensionalized with respect to the
fast timescale T, the phugoid parameters in Eq. (23) appear as

N m m m,
op=—€ |z ——z )| — €22 — —z
m
X |z + —(x — 1)
m(x

A 2 my m
szgP = _G[Xu ——(xy — 1)} - 62_(]
Mg m

o

my, m,
X (_th + ('xO( - 1){ (Zu - _th>
myg, myg,
+ﬂ[xu—ﬂ<xa—1>“) (24)
m, myg,

Replacing the nondimensional bookkeeping terms in Egs. (21) and
(24) by their corresponding dimensional derivatives gives the fol-
lowing first-order approximation to the short period and phugoid
modes, where the subscripts indicate the order in € of each brack-
eted expression when made nondimensional with the fast timescale
Tf:

) Z, M,
wsp = [—M,]p + | M, _Vo + | M, A (Xe —8)
1 o 1

2 _ M ZO( Mlt X
wsplsp = [—My]o + _Vo 1+ _M(x( «—8)

wp = - Z, — %Za
r VO Mo( 2
+ 8 7 Mu 7 Mq Z(x + Mu (X )
V() u Mo( a Ma V() Mo( a 8 \
2 _ X + Mu (X + Mq Mu gZO(
wP;P - u Ma o g) l Ma Ma V() ,
+|: (X )Mq ! (Z MuZ >:|
(Ao —8)—7F 7 u T5 ‘a
Mo( VO Mo( 2

M, M, M,
+{(Xa_g)ﬁq#[_xu—’_ﬁ(xo{_g)}} (25)
o Mo 5

o

1

The preceding first-order approximations are used to calculate the
coefficients of the characteristic polynomial to their respective
€ orders, as shown next:

B, = [2¢spwsp + 2¢pwpli = [—Mylo + [— X, — Zo/Vo1u
Cr = [0fp + 0} + Quspwse) 2epwp) || = [—Mely

+ [Mq (Xu + ZO(/VO)]I

D, = [Qesewsp)wh + 2pwp)odp], = [X, M, — (X, — &)M,];
+ {Mq[(Xo(Zu - Xltzot)/VO]}Z

E3 = [wngi’]-; = [(g/VO)(MaZu - MuZo()]Z

The computed coefficients can be seen to match perfectly the corre-
spondingexpressionsin Eqs. (A3-A6) in the Appendixto the correct
orders. (Note that the order three term in the preceding coefficient
E is correctly found to be zero.)

The consistentfirst-ordershort period frequency and damping ap-
proximationsin Eq. (25) are made up of three terms each. In contrast,
the standard short period approximationcited from Ref. 4 in the pre-
ceding section can be seen to contain only the first two of these three

terms. The third term, discoveredin this derivation, is caused by the
influence of the slow mode variables on the short period dynamics
and happens to be of the same order as the second term. The ex-
isting short period approximationis, therefore, not consistent at the
first order. We have already shown in the preceding section that the
standard phugoid approximationis not consistenteven at the zeroth
order. Later derivationsfor the phugoid frequency>® were consistent
to zeroth order, but not to the first order. The consistent first-order
phugoid frequency approximationin Eq. (25) can be rewritten, after
some algebraic manipulation, as

2 g(MuZo( - Motzu)
PTM Vo — M, Z, — MM, V(X — 8)

1) (26)

and is seen to containan additionalthird termin the denominatorthat
has not been recognized in earlier derivations? In case of phugoid
damping, several terms in the consistent first-order approximation
in Eq. (25) can be seen to be missing from previous derivations for
the phugoid damping

V. Conclusions

Consistent zeroth- and first-order approximationsto the longitu-
dinal modes have been derived and are shown to correctly compute
all of the coefficients of the characteristic polynomial to the appro-
priate order. This is a significant achievement as previously derived
approximations have never succeeded in satisfying the character-
istic polynomial. The present derivation has ensured that there are
no missing terms in the consistent approximations at each order. In
this sense the frequency and damping expressions reported in this
Note are the best possible at each order. Corrections to the exist-
ing literal approximations for the short period and phugoid modes
are discovered. Finally, it might be appropriate to mention that the
approximations derived in this Note are not specific to any select
set of aircraft data and should be viewed as results of a fundamen-
tal nature. In particular, questions regarding the relative numerical
significance of the different terms in any of the expressionsderived
here are not of relevance.

Appendix: Longitudinal Characteristic Polynomial

The longitudinal dynamics given by Egs. (1) and (2), being a
set of two second-order differential equations, have an associated
fourth-order characteristic polynomial Py,, that factors as follows:

PionM) = (A2 + 28pwsph + 03p) (A2 4+ 28p0ph + @3)  (AD)

where w and ¢ are the exactfrequency and damping parameters. Let
the coefficients of Py, be labeled from A through E, as follows:

Po,(M) =AM+ BA* +CA*+ DA+ E (A2)

where the exact expressions for the coefficients A through E are
available (for example, see Ref. 4, p. 6.20). Then, equating coef-
ficients of like powers in A between Egs. (A1) and (A2) gives the
following relations to be satisfied by the frequency and damping
parameters, with A =1:

B = 2¢gpwsp + 2L pwp = [=M, 1o + [ X, — Zo/ Vo1 (A3)
C = wgp + wp + sewse) 25pwp) = [~ Mo
+ M, Xy + Zo/ Vo) + [(XuZo — Xo Z) [/ Vol (Ad)
D = (2tspwsp)wp + (2 pwp)sp = [XuMy — (Xa — 9)M,];
+IM, (X Z, — X Zo) [ Vol (AS)
E = wypop = [(8/Vo)(MuZy — My Z)] (A6)
The subscripts on the square brackets indicate the order in € of the

terms contained in the bracket when nondimensionalizedby the fast
timescale 7.
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Introduction

T is desired to reconstruct the path of a moving body as it im-

pacts a target at a high velocity using only linear accelerometers
as sensors. The path of the penetrator is described by three transla-
tions and three rotations. When kinematic relationshipsare used for
arigid body, a system of six ordinary differential equations can be
established relating the six degrees of freedom to accelerations. A
minimum of six accelerationmeasurements are required to solve for
the six degrees of freedom at each time step. However, using six ac-
celerometers can lead to errors with divergent (unstable) solutions.
If more than six accelerometers are used, the system of equationsis
overdetermined. This extra information provides a stabilizing influ-
ence on the solution. Schuleretal.! proved the instability of one spe-
cific six-accelerometer configuration. Padgaonkar et al.> discussed
using a six-accelerometerapproach and noted that accelerationdata
must be accurate to approximately 1% of peak values. Padgaonkar
et al. proposed a nine-accelerometer solution be used when the in-
strumented body experiences a direct impact with a hard surface
or when low-sensitivity accelerometers are used. Mital and King?
also proposed a nine-accelerometer configuration and determined
their method to be very accurate. The location and orientation of
the accelerometersis very importantto the solution of the problem.
However, a procedure for selecting the optimum number of trans-
ducers, their location, and their orientation was not found during a
review of previous studies.

Solution Procedures

The penetratoris illustrated in Fig. 1 by the dashed box. Point O
is fixed in a Newtonian reference frame, and B* is the mass center
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ENGINEERING NOTES

Fig. 1 Coordinate system of rigid-body penetrator and location of
accelerometers d'.

of a rigid-body penetrator. We will use unit vectors n, n,, and n;
fixed at O and b, b,, and b5 fixed in B. Six generalized coordinates
(g1-q¢) describe the position and orientation of a rigid body. The
position vector of B* be given by r®" or

= qiny + qny + gsns (1

The orientation of B in reference frame N is specified by three
generalized coordinates, g4, g5, and g¢, which are successive rota-
tions. A body-three 3-2-1 rotation sequence is assumed: a rotation
q, about b3, then g5 about b,, and finally g4 aboutb,. We define six
generalized speeds, u, u,, us, uy, us, and ug, such that the velocity
and angular velocity of the mass center are given by

N.,B

v ' =u\n, + un, + usns, NOJB Eu4b1 +M5b2 +M6b3 (2)

This study limited the transducersto 18 locations on the corners of
a unit cube, as shown in Fig. 1. The length dimension of the cube is
1 m, and all accelerationsare reported in meters per second squared.
However, one could also consider the cube dimension to be 1 ft and
all accelerationsto be in feet per second squared.

It can be shown that the equations of motion of the projectile can
be described as

[H!] (i} = {w'}, I=1,...,Ny j=1,..,6 (3
where N7 is the number of transducers and
Hl =68/C,, +8C,+8C3, H =8Cy +81Cpn+8iCxy
H{ =5{Cy +8,Co+81Cs3,  H} =8ip) — 83}
Hi =8{p; —8ip(,  H{ =8p —8ip
w' =M — (82} + 8,2, +5,2])

Z) = uqusps + uglspy — (u§ + ug)pl’

Z! = uqusp! + ususpi — (ui +ug)p2'
Zé=u4u6p{+u5u6p2'—(u§+u§)p3', I=1,....Ny 4

The p variableis used to define the location of transducer I relative
to the mass center as

Bpl = plby + plb, + plbs, I=1,....,Ny (5
and a unit vector defining the sensing direction of transducer / is
d' =38[b, +5,by + 8,b;, I=1,...,Nr (6)

The body rotation matrices C;; are defined as*



